The two-point correlation tensor provides complete information on mantle convection accurate up to second-order statistics. Unfortunately, the two-point spatial correlation tensor is in general a data-intensive quantity. In the case of mantle convection, a simplified representation of the two-point spatial correlation tensor can be obtained by using spherical symmetry. The two-point correlation can be expressed in terms of a planar correlation tensor, which reduces the correlation's dependence to only three independent variables: the radial locations of the two points and their angular separation. The eigendecomposition of the planar correlation tensor provides a rational methodology for further representing the second-order statistics contained within the two-point correlation in a compact manner. As an illustration, results on the planar correlation are presented for the thermal anomaly obtained from the tomographic model of Su, Woodward & Dziewonski (1994) and the corresponding velocity field obtained from a simple constant-viscosity convection model (Zhang & Christensen 1993) . The first 10 most energetic eigensolutions of the planar correlation, which constitute an almost three orders of magnitude reduction in the data, capture the two-point correlation to 97 per cent accuracy. Furthermore, the energetic eigenfunctions efficiently characterize the thermal and flow structures of the mantle. The signature of the transition zone is clearly evident in the most energetic temperature eigenfunction, which clearly shows a reversal of thermal fluctuations at a depth of around 830 km. In addition, a local peak in the thermal fluctuations can be observed around a depth of 600 km. In contrast, due to the simplicity of the convection model employed, the velocity eigenfunctions exhibit a simple cellular structure that extends over the entire depth of the mantle and do not exhibit transition-zone signatures.
can range from completely layered convection to whole-mantle 1 INTRODUC TION convection.
As the Rayleigh number is increased, the flow initially Numerical simulations of thermal convection have provided undergoes transition from steady convection to a time-periodic great insight into the dynamics of the Earth and planetary state, and with further increase in the Rayleigh number the interiors. These simulations have been performed under widely flow eventually becomes chaotic and turbulent. Experiments varying conditions: 2-D (Hansen, Yuen & Kroening 1992;  by Libchaber and co-workers (Heslot, Castaing & Libchaber Peltier & Solheim 1992 ) versus 3-D (Balachandar & Yuen 1987; Castaing et al. 1989 ) have identified transitions even in 1994); spherical (Bercovici, Schubert & Glatzmaier 1992) the turbulent regime from soft to hard turbulence. These versus Cartesian geometry ; contransition routes and associated spatial-symmetry-breaking stant thermodynamic and transport properties (Malevsky & mechanisms are in general complex and are sensitive to Yuen 1991) versus pressure-and temperature-dependent parameters and initial conditions. The above-mentioned flow properties (Ogawa, Schubert & Zebib 1991; Honda et al. 1993;  regimes can be strongly time-dependent as well. For example, Tackley et al. 1993; Balachandar et al. 1995) ; internal heating under non-equilibrium conditions due to core cooling, a versus basal heating. In addition, there are other parameters such as Rayleigh number, compressibility and internal phase layered convective state evolves into whole-mantle convection as the Rayleigh number decreases ; transitions that can significantly alter the style of convection. Depending on the parameters, the resulting convection motion Steinbach, Yuen & Zhao 1993; . Also, complex global instabilities such as the dump or flush events (Honda One of the biggest advantages of this simplified form is that the correlation tensor between any two arbitrary points within et al. 1993; Tackley et al. 1993) can punctuate relatively quiescent periods of convection by transient violent flow events.
the spherical shell can now be expressed in terms of the planar two-point spatial correlation, where the two points are It has been pointed out by Jordan and co-workers (Jordan et al. 1993; Puster & Jordan 1994; Puster, Jordan & Hager restricted to fall on a single plane. The correlation tensor on a single plane is thus formally shown to characterize in full 1994) that in order to compare the style of convection obtained from the various models with seismic and other surface the second-order spatial statistics of the 3-D convection models. Due to spherical symmetry, this plane can be chosen observations, it is important to be able to characterize and quantify the nature of convection in a precise manner. Some to be any plane passing through the origin. This relation also provides a mechanism for constructing the full 3-D two-point flow quantifications considered in the past are the angular power spectrum (Jarvis & Peltier 1986 ), root-mean-square spatial-correlation tensor from the measurement of velocity and temperature on a single plane. temperature fluctuation (Honda 1987) and normalized vertical mass flux (Steinbach & Yuen 1992) . These quantification
In spite of the above simplification the two-point correlation still remains multidimensional and data intensive. Puster & schemes have been designed to focus on certain characters of the flow and therefore do not provide a complete charac- Jordan (1994) and Puster et al. (1994) considered radial and angular correlation functions in order to further reduce the terization. However, they offer a simple and computationally economical characterization of certain aspects of the convective planar two-point correlation to an easily presentable form.
Here we consider the proper orthogonal decomposition techflow. Recently, Jordan et al. (1993) , Puster & Jordan (1994) and Puster et al. (1994) introduced the two-point correlation nique (also known as the empirical eigenfunction technique) for optimal reduction of the planar spatial-correlation tensor as a means of characterizing mantle convection.
The two-point space-time correlation function has played a (Schmidt 1907; Karhunen 1946; Loeve 1955; Lumley 1967; Sirovich 1987 Sirovich , 1991 . In this technique the empirical eigencentral role in the statistical description of turbulence for over 50 years (see Batchelor 1953 and Yaglom 1971, functions and eigenvalues of the planar correlation tensor are computed, which provide an optimal expansion basis for the 1975). The two-point space-time correlation provides complete information about the underlying probabilistic description two-point correlation tensor. It will be shown that a few energetic eigenfunctions with the largest eigenvalues are of the flow up to the second-order statistics. In the case of a Gaussian distribution, the higher-order statistics can be adequate to represent the two-point spatial correlation to high accuracy. Thus the entire two-point correlation can be conrecovered from the first-and second-order statistics, therefore the two-point space-time correlation provides a complete densed into a few eigenmodes, offering orders of magnitude reduction in data and a greatly simplified characterization for probabilistic description of the flow. In other cases, the twopoint correlation can be considered as a second-order closure the second-order statistics of the convection models without significant loss of information. of the entire system.
In thermal convection the flow field consists of three comHere we consider the SH12/WM13 tomographic model of Su et al. (1994) and compute a representative buoyancy-driven ponents of velocity and termperature. A complete knowledge of the second-order statistics needs to include both auto-and flow from this tomographic model by solving a simple 3-D isoviscosity convection model in a spherical shell (Zhang & cross-correlation between these quantities. Therefore, the twopoint correlation is a 16-component tensor-valued function Christensen 1993). The resulting sample velocity field together with the thermal field were used in constructing the twodependent upon eight independent variables, two time and six space. The two-point space-time correlation is thus a point correlation tensor, which is then used for illustrating the optimality of the eigendecomposition technique. The 10 formidable data-intensive quantity. Its size can be reduced by limiting attention to only two-point spatial correlation. Further most energetic eigenmodes of the planar correlation, which constitute nearly three orders of magnitude reduction in the simplifications can be achieved by using the underlying symmetries and homogeneities of the problem and requiring that data, capture the two-point correlation to 97 per cent accuracy. The most energetic temperature eignfunction clearly shows the tensor-valued correlation function remain invariant to arbitrary transformation within the symmetry group.
that at a depth of around 830 km the thermal fluctuations sharply change their sign. This result can be compared with Robertson (1940) , for example, has shown that the general form of the two-point velocity-correlation tensor under isothe recent findings by Kawakatsu & Niu (1994) on seismic evidence for a discontinuity in the mantle at around 900 km tropy reduces to only one scalar function dependent on a single variable, the distance between the two points, thus depth. Furthermore, a local peak in the thermal fluctuations can be observed around a depth of 600 km. In contrast, due the two-point correlation is greatly simplified under isotropy. A similar general form of the correlation tensor under axito the simplicity of the convection model employed, the velocity eigenfunctions do not exhibit these transition-zone signatures. symmetry was obtained by Chandrasekhar (1950) , resulting in a greatly simplified representation. In the context of the Earth Nevertheless, the present results clearly show that the single most energetic velocity eigenfunction is sufficient in extracting and planetary interiors, the convection models admit spherical symmetry. Here we apply this symmetry condition and obtain all the dominant flow features. The change in the direction of the circumferential flow at a depth of 2000 km is well captured a general form of the spherically symmetric two-point spatialcorrelation tensor. With additional constraints from the by the dominant velocity eigenfunction. The rest of the paper is arranged as follows. In Section 2 a incompressibility condition, it is shown here that the twopoint correlation and the complete second-order spatial characpreliminary discussion on two-point correlations will be presented. In Section 3 the general representation of the spherically terization of the flow can be reduced to five scalar functions, each dependent on only three independent variables, the radial symmetric correlation tensor is obtained, and in Section 4 the consequences of symmetry and incompressibility are presented. location of the two points and their angular separation.
Results on the two-point correlation are presented in Section 5.
on the radial location of the two points and their relative orientation, not on their absolute position. This implies that Section 6 contains a brief discussion of the proper orthogonal decomposition technique, and the corresponding results are in practice it is sufficient to evaluate the two-point spatial correlation on a single plane from which the entire two-point presented in Section 7. Finally, conclusions are drawn in Section 8.
correlation can be constructed. Owing to spherical symmetry this plane can be chosen to be any plane passing through the origin. The planar correlation tensor can be expressed as 2 TWO-POINT CORRELATION In a proper characterization of stochastic or random processes C pq (y, r, r*)= 1
(r*, h*, w*, t) dV dt , it is often important to extend beyond the first-order statistics provided by the mean. The two-point space-time correlation (3) provides a more complete description by including the where dV=sin h dh dw defines the elementary solid angle, second-order statistics. The two-point space-time correlation therefore the integrals over the latitudinal and longitudinal is a data-intensive quantity. In a general 3-D flow which is (h and w) coordinates cover the entire sphere. The overbar statistically non-stationary and inhomogeneous along all three indicates an average over all possible h* and w* combinations spatial directions, the correlation between two space points such that the included angle between (h, w) and (h*, w*) is y. at two time instances depends on these eight independent Here r and r* are the radial locations of the two points. The variables (Batchelor 1953; Monin & Yaglom 1971 , 1975 . In ensemble average has been replaced by an average over time thermal convection, since a complete knowledge of the flow and over all possible rotations of the configuration formed by involves both velocity and temperature fields, the two-point the two points about the centre of the spherical shell. The space-time correlation function is tensorial in nature, as shown vector (u 1 , u 2 , u 3 , u 4 ) corresponds to in-plane and out-of-plane below (we will refer to it as the two-point space-time correlation velocity components and temperature. The planar correlation tensor):
tensor is considerably simpler than the complete two-point R pq (j, t, j*, t*)= u p (j, t)u q (j*, t*) for p, q=1, 2, 3, 4 , correlation tensor, but contains the same level of information. From the planar correlation the entire correlation tensor can be (1) recreated by using the underlying symmetries. In the following where the vector (u 1 , u 2 , u 3 , u 4 ) corresponds to three comsection we will make use of spherical symmetry and derive this ponents of velocity and temperature respectively. j and j* relation between the complete two-point correlation tensor represent two arbitrary points in space, and t and t* represent and the planar correlation tensor. two instants in time. Here, the angle brackets represent an Reduction to planar correlation has another advantage. The ensemble average, which in the general case of spatial inhomoplanar correlation tensor can be evaluated just with knowledge geneity and non-stationarity cannot be replaced by a space or of the temperature and all three velocity components on a time average and therefore requires repeating the experiment single plane. This is an important step since laboratory techor computation many times under statistically identical conniques such as particle image velocimetry (PIV) are generally ditions. Since this is prohibitively expensive, attention is often limited to simultaneous experimental measurements on at most restricted to either the two-point spatial-correlation tensor 2-D planes and thus can provide only a planar correlation (Rs pq ) or the one-point temporal-correlation tensor (Rt pq ), which tensor. Furthermore, even in the case of 3-D simulations, it is are defined as follows:
far more convenient to compute and store only the planar correlation. If the plane of measurement is chosen to be the Rs pq (j, j*, t)= u p (j, t)u q (j*, t) for p, q=1, 2, 3, 4 ,
(2) equatorial plane, then the two-point correlation can be written as In a general 3-D flow, the two-point spatial correlation depends C pq (y, r, r*) on seven variables and still remains formidable. Further reductions in size can be achieved by invoking spatial homo-
dw dt . geneities and symmetries. For example, homogeneity along any direction implies translational invariance and therefore (4) renders the two-point correlation dependent only on the separation between the two points along this homogeneous Of course, the evaluation of the planar correlation tensor from direction and not on the absolute location of the two points.
the entire 3-D data as in eq. (3), where possible, will provide Moreover, under statistical stationarity the two-point spatial a better statistical approximation to the true ensemble average. correlation is independent of time. Table 1 shows the dimensionality of the correlation tensor under varying symmetry 3 GENERAL REPRESENTATION OF THE conditions. SPHERICALLY SYMMETRIC Earth and planetary convection can be considered to be CORRELATION TENSOR spherically symmetric and therefore offers great possibilities for a simplified representation of the two-point correlation Formal theory on the general representation of tensorial functions needs to be employed in order to simplify the twotensor. Most mantle models also ignore the non-equilibrium conditions arising from effects such as core cooling and therepoint correlation. For example, Robertson (1940) has shown that in isotropic turbulence the two-point correlation tensor fore are statistically stationary. Under such assumption the two-point spatial correlation can be further simplified. Due to can be expressed in terms of a single scalar function dependent on only one variable, the separation distance between the two spherical symmetry, the two-point correlation depends only (1971, 1975) .
from which the general form of the temperature-velocity Here we follow the general procedure outlined by Robertson correlation can be extracted as follows: (1940) and Chandrasekhar (1950) to obtain the general representation of a spherically symmetric correlation tensor.
The two-point temperature-temperature correlation (Rs 44 ) is (7) a zeroth-rank tensor (in other words a scalar) spherically symmetric about the origin and dependent on the position
The skew-symmetric scalar invariant, e ijk j i j* j a k , involving j, j* and a, is not included since it changes sign under arbitrary vectors of the two points from the centre of spherical symmetry, j and j*. It is then invariant to all rotations and reflections reflection, whereas the correlation tensor preserves its sign. In the above equation F 2 and F 3 are functions of the three scalar of the configuration formed by j and j* and not just the separation vector (j−j*) as in the case of isotropic tensors.
invariants not involving a. From symmetry, the velocitytemperature correlation (Rs i4 ) is simply expressed as From the theory of invariants, it is then expressible in terms of the fundamental scalar invariants formed by j and j*.
Rs i4 (j, j*)=F 2 (y, r*, r)j* i +F 3 (y, r*, r)j i for i=1, 2, 3 . These are precisely the radial locations of the two points, r=(jΩj)1/2 and r*=(j*Ωj*)1/2, and their angular separation, (8) y=acos[(jΩj*)/rr*]. The general form of the temperatureThe velocity-velocity correlation (Rs ij ) is a second-rank temperature correlation can then be written as follows:
Cartesian tensor (note that i, j=1, 2, 3) spherically symmetric about the origin and dependent on j and j*. Let a and b Rs 44 (j, j*)=F 1 (y, r, r*) , ) is a first-rank vector configuration formed by j, j*, a and b. The scalar tensor spherically symmetric about the origin and dependent product must then be expressible in terms of the fundamental on j and j* (here i=1, 2, 3; we will adopt a consistent notation scalar invariants (jΩj), (j*Ωj*), (jΩj*), (jΩa), (j*Ωa), (jΩb), that indices i, j and k will take values 1, 2, 3 and indices p (j*Ωb), (aΩb). Noting that Rs ij a i b j is bilinear in a and b, we and q will be reserved for 1, 2, 3, 4). Since it is convenient to obtain manipulate Cartesian tensors, we consider Cartesian velocity components, therefore Rs 4i is a Cartesian tensor. Let a denote
represents correlation between temperature at the first point j and velocity along the unit vector a measured at the second where again the skew-symmetric scalar invariants of the form e ijk j i j* j a k are excluded. In the above equation, the scalar point j*. This correlation must be invariant to the full group of rotation and reflection of the vector configuration formed functions F 4 to F 8 are functions of y, r and r*. Thus the 16 components of the correlation tensor, Rs pq , can be expressed by j, j* and a about the origin. From the theory of invariants, this scalar product must then be expressible in terms of the in terms of the eight scalar functions. The next step will be to express the eight functions F 1 to fundamental scalar invariants (jΩj), (j*Ωj*), (jΩj*), (jΩa), F 8 in terms of the planar correlation tensor, C ij . By expressing which maintain the same radii and angular separation as the original configuration. F 1 to F 8 in terms of the planar correlation, we obtain a mechanism for expressing the correlation tensor between any two points in a spherical shell in terms of the planar correlation.
4 SYMMETRIES AND In order to simplify this relation, we consider the planar INCOMPRESSIBILITY correlation to be specified on the equatorial plane and the In the previous section it was shown that using the property location of the two points to be given by j=(j 1 , j 2 , j 3 )= of spherical symmetry the complete two-point spatial cor-(r, 0, 0) and j*=(j* 1 , j* 2 , j* 3 )=(r*c y , r*s y , 0). Here c y =cos(y) relation tensor can be expressed in terms of eight scalar and s y =sin(y). From the spherically symmetric form of functions (eqs 5 to 9), which in turn can be expressed in terms the correlation tensor (eq. 9) the following expression can be of eight planar correlations (eq. 11). Not all of these eight obtained for the planar u-u correlation:
functions are independent. Further simplifications can be C 11 (y, r, r*)=r2F
achieved by using the following symmetry satisfied by the twopoint correlation tensor: Rs pq (j, j*)=Rs qp (j*, j). From eqs (5) Similarly, the other components of the planar correlation can and (9) the following symmetry conditions satisfied by the be expressed in terms of the eight F functions using the scalar functions are obtained: general form of the correlation tensor given in eqs (5), (7) and (9): F 1 (y, r, r*)=F 1 (y, r*, r) ; F 4 (y, r, r*)=F 4 (y, r*, r) ;
It is therefore sufficient to define the functions
and F 8 only for r≥r*, and their value for r≤r* can be (10b) obtained from the above symmetry conditions, whereas F 2 and F 3 are defined over the entire range of r and r*. The Given in-plane velocity and temperature at any point on the above symmetry conditions can be rewritten in terms of the plane of correlation, the corresponding out-of-plane velocity planar correlations as well. at the second point can be directed to either side of the plane
The incompressibility condition can be used to simplify the with equal probability. This lack of preferred direction for general form of spherically symmetric tensors further. For this the out-of-plane velocity component is a consequence of purpose we need to differentiate with respect to j, and let us spherical symmetry. Therefore, the planar cross-correlations then define (see Chandrasekhar 1950) of the out-of-plane velocity component with the in-plane velocity components and temperature are zero. In other words,
The planar correlation of the out-of-plane velocity with itself, C 33
, is non-zero, but is where decoupled from the rest of the correlations. The correlations between in-plane velocity and temperature, C 14 and C 24 , can D=
be obtained from the temperature-velocity planar correlations, C 41
and C 42 , from symmetry. Eq. (10) provides eight relations among the eight scalar
In essence, the above equation simply represents a change of functions and therefore can be solved to express the scalar variable, where the gradient vector, (∂/∂j i ), is expressed in functions in terms of the planar correlations. This operation terms of the position vector of the two points j and j*. The leads to the following set of equations for the scalar functions: gradient operator is written in terms of the scalar operators D and D*. Therefore, differentiating a spherically symmetric tensor with respect to j results in a spherically symmetric tensor of one rank higher. On the other hand, divergence of a spherically symmetric tensor, obtained by contracting the index of differentiation with one of the free indices of the tensor, is a spherically symmetric tensor of one rank lower. Taking the
(11) divergence of eq. (7) we obtain the following scalar expression:
, The above equations when substituted into eqs (5) to (9) provide the entire two-point correlation tensor in terms of (14) the planar correlations. The scalar functions and planar correlations (F and C pq ) are here functions of y, r and r*. where summation over i=1, 2, 3 is assumed and we have used the fact that j i Dj i =d ii =3. By continuity, the divergence of In essence, it is now established that given any two points in a spherical shell, the auto-and cross-correlation between Rs 4i is zero (that is ∂Rs 4i /∂j i =0). The above equation provides a relation between F 2 and F 3 . Similarly, the incompressibility temperature and velocity components at these two points can be obtained from the planar correlation between two points condition can be used to obtain relations among F 4 to F 8 .
Divergence of eq. (9) after simplification results in the following their spherical (h and w) average (the spherical average is therefore only a function of the radius) and then the perturbation vector equation:
quantities are normalized with their global root mean square, where the mean is taken over the entire spherical shell. The 
Since the above equation must hold for arbitrary j and j*, C u r T (y, r, r*)=C Tu r (y, r*, r) , the two expressions within the square brackets must be independently zero, thereby providing two additional relations C u r T (y, r, r*)=C Tu r (−y, r, r*) ,
between the five functions F 4 to F 8 . Thus the incompressibility condition provides three relations among the eight scalar C u I p (y, r, r*)=−C pu I (y, r*, r)
C u I p (y, r, r*)=−C pu I (−y, r, r*)H for p=u r , T , functions, therefore only five of them are independent. Corresponding constraints among the planar correlation C u O p (y, r, r*)=C pu O (y, r, r*)=0 for p=u r , u I , T . can be obtained by substituting eq. (11) into the above two equations. The entire second-order characterization of the flow Under spherical symmetry the cross-correlations of the outis now in principle reduced to five scalar functions dependent of-plane velocity with the in-plane velocity components and only on the radii of the two points and their angular separation.
temperature are zero. From the above symmetry, the complete information on the two-point correlation can be constructed from its definition on a subdomain r cmb ≤r≤r*≤r moho and 5 RESULTS ON TWO-POINT 0≤y≤p, where r cmb is the radius of the core-mantle boundary CORRELATION and r moho is the radius of the Moho discontinuity. For y=0, the two points being correlated lie on the same In the previous two sections it has been clearly established that under spherical symmetry, a planar two-point correlation radial line and therefore we obtain the radial correlation function. In this limit, the two points being correlated do not tensor contains the entire second-order information. In this section, as an example, we will present results on the twodefine a plane and furthermore, due to spherical symmetry, there is no statistical difference between the longitudinal and point planar correlation tensor obtained from the SH12/WM13 tomographic model of the Harvard group (Su et al. 1994; latitudinal (h and w) components of velocity. As a result, in addition to the cross-correlations of out-of-plane azimuthal & Dziewonski 1991). This model provides the 3-D structure of shear-wave velocity in the mantle in spherical coordinates velocity (the last part of eq. 16), those of in-plane circumferential velocity are also zero, that is
The as dv(r, h, w). The corresponding buoyancy-induced velocity field was obtained by solving a simple 3-D convection model other non-zero radial correlations are plotted in Fig. 1 . Fig. 1(a) shows the radial auto-correlation of temperature, C TT , where in a spherical shell with constant viscosity. In obtaining the velocity field it was assumed that the shear-wave heterothe strongest correlation can be observed in the upper part of the upper mantle. Temperature correlation again increases in geneities are thermal in origin. The density anomaly that drives the flow is considered to be proportional to shear-wave the lower part of the lower mantle to nearly half its maximum value. The transition region near 660 km can be seen to be heterogeneity with the constant of proportionality slightly varying with depth from 0.278 at the surface to 0.186 at the weakly negatively correlated with the lower mantle. It must be reiterated that the above correlation, as well as all others core-mantle boundary. All other possible sources of anisotropy are ignored in the present study. The effects of phase transition to be presented and analysed, is between normalized perturbation quantities. Thus the auto-correlation of temperature is and realistic temperature-, depth-and strain-rate-dependent rheologies are ignored as well. Therefore, the resulting velocity not directly influenced by the reference radial seismic-velocity profile used in the tomographic model. For example, the field is simple and used here for illustrative purposes only. The details of the convection model are given in Zhang & tomographic results of Su et al. (1994) are based on the PREM model. Only the perturbation temperature away from the Christensen (1993).
To facilitate the eigendecomposition to be employed later, spherical average contributes to the two-point correlation. Furthermore, the perturbation temperature and velocity are the two-point correlation is evaluated for the normalized perturbation thermal and velocity fields. Instead of Cartesian normalized by their root-mean-square value evaluated over the entire spherical shell. This normalization is different from in-plane and out-of-plane velocities here we will consider radial (u r ), in-plane circumferential (u I ) and out-of-plane azimuthal the depth-dependent normalization used by Jordan et al. (1993) and Balachandar (1995) and therefore the auto-correlation of (u O ) velocities. For example, on the equatorial plane, u w is the in-plane circumferential velocity and u h is the out-of-plane temperature shown in Fig. 1 (a) differs in appearance from those presented in these earlier works. velocity. On other planes the in-plane and out-of-plane velocities are given by some linear combination of the longitudinal (u h ) Fig. 1( b) shows the radial cross-correlation between temperature and radial velocity, C Tu r , where the depth of the first and latitudinal (u w ) velocities. Since correlations are specified in terms of in-plane and out-of-velocities, the actual choice of point (corresponding to T ) is along the x-axis and the depth of the second point (corresponding to u r ) is along the y-axis. the plane does not matter. For clarity, in the following the subscripts 1, 2, 3 and 4 will be replaced by u r , u I , u O and T . A marked transition from a negative to a positive correlation occurs at a depth of 830 km. This indicates that a positive The perturbation quantities are first defined by subtracting 
In all these radial correlation functions the angular separation between the two points is maintained at zero.
(negative) temperature perturbation at a point in the lower scale circulatory flow extending over the entire depth. The 830 km depth is marked in the figure by a dashed line. mantle below 830 km corresponds to an on-average positively correlated upward (downward) fluid motion over the entire The simple convection model employed in this study predicts two major ascending plumes located underneath Africa and depth in its neighborhood. On the other hand, a positive (negative) temperature perturbation at a point in the upper the Pacific Ocean and two downwelling zones near the Indian Ocean and South America. A high degree of correlation mantle above 830 km, corresponds to a negatively correlated downward (upward) fluid motion over the entire depth. This between the upwelling (downwelling) and the hot (cold) regions can be observed in the lower mantle, whereas such correlation behaviour can be explained based on the nature of tomographic data and the corresponding velocity field used in the evaluation is absent, and in fact a negative correlation can be observed in the upper mantle. This scenario is true in general at sections of the two-point correlation. Fig. 2(a) shows a contour plot of temperature fluctuations on the equatorial plane evaluated other than the equatorial plane, thus explaining Fig. 1( b) . The change in the correlation between the upper and lower mantle from the tomographic model of Su et al. (1994) . The corresponding vector plot of the velocity field on the equatorial is primarily due to the reversal of thermal fluctuations near 830 km depth. This decrease in the magnitude of thermal plane is shown in Fig. 2( b) . The vector plot shows a large- Figure 1 . (Continued.) fluctuations at the transition depth can also be seen in Fig. 1(a) , surface or the core-mantle boundary. The correlation, or the mean-square-normalized vertical velocity, peaks to a value of as the one order of magnitude decrease in the radial thermal autocorrelation.
1.9 at a depth of 1640 km. This radial correlation can be well approximated by a function of the form f (r) f (r*), where f is Fig. 1(c) shows the radial velocity's correlation with the perturbation temperature, C u r T , which can be obtained from approximately half a sine wave, whose peak is slightly skewed towards the lower mantle, Finally, in Figs 1(e) and 1(f ) the Fig. 1(b) through symmetry. Fig. 1(d) shows the radial-velocity autocorrelation, which is constrained by the no-penetration radial autocorrelations of u I and u O are shown. Under perfect spherical symmetry, there is no statistical difference between condition to be zero when either of the points approach the these two velocity components and therefore their radial velocity, either in the lower or in the mid-mantle, correlates with a strong positive temperature fluctuation in the lower correlations are expected to be identical. In the present case, these two correlations are very similar, verifying the assumed mantle directly underneath. This is consistent with the sample equatorial temperature and velocity distribution shown in spherical symmetry of the convection model and the tomographic data. Due to the large-scale circulatory nature of the Fig. 2 . The autocorrelation of vertical velocity is shown in Fig. 3(d) . Vertical velocity is much stronger in the mid-mantle flow, these circumferential velocity autocorrelations change sign at around a depth of 2000 km. These radial correlations and remains positively correlated over a cone of half-angle 35°, beyond which the vertical velocity is only very weakly can also be approximated by a function of the form g(r)g(r*), where g is a cosine-like function whose zero-crossing is shifted negatively correlated.
The correlation between the in-plane circumferential downwards from the mid-mantle to a depth of 2000 km.
The above radial correlations form only a subset of the velocity, u I , and normalized temperature perturbation is shown in Fig. 3(e) . On the left panel it can be seen that a positive entire planar two-point correlation tensor. Complete information on the second-order spatial statistics can be obtained circumferential velocity in the lower mantle, which indicates an anticlockwise circulation, correlates with a negative perturby considering correlations at other angular separations as well. Correlations are observed to vary significantly with increasing bation temperature to the left in the lower mantle. Due to the antisymmetric nature of C u I T about y=0, the positive circumangular separation between the two points. Interpretation of the two-point correlation is more difficult when the positions ferential velocity also correlates with a positive perturbation temperature to the right in the lower mantle. These hot and of both points are simultaneously varied. An alternative presentation of the two-point correlation is shown in Fig. 3 .
cold temperature perturbations in the lower mantle drive local upwelling and downwelling flows, respectively, thus setting up Here, the position of one of the points is fixed at a radial location r in the lower mantle ( left frame) and in the mida positive horizontal flow in between them in the lower mantle by continuity. This correlation between positive circumferential mantle (right frame), respectively. The location of the fixed point is marked by an arrow, and the position of the second velocity at the bottom of the lower mantle and upwelling and downwelling flows to the right and left can also be seen in the point is varied over the r*, y plane. The planar correlations are shown only over half the plane. The correlation over cross-correlation C u I u r on the left panel of Fig. 3(f ) . The roll cell is seen to occupy a spherical cone of half-angle 77°. On the other half of the plane can be obtained by appropriate symmetry. Correlation over the entire spherical shell can the right panel of Fig. 3 (e), a positive circumferential velocity in the mid-mantle, at a depth of 1470 km, represents a clockwise subsequently be obtained by the use of spherical symmetry outlined in Sections 3 and 4.
eddy, since the flow reverses direction at a depth of approximately 2000 km based on Figs 1(e) and (f ). Thus it is well The two-point correlation tensor as shown in these figures has a simple interpretation. For example, the autocorrelation correlated with negative and positive temperature perturbations on the right and left in the lower mantle, which drive of temperature shown in Fig. 3(a) is related to the best linear estimate of normalized temperature perturbation over the local downwelling and upwelling flows, respectively. Correlation between temperature perturbation and in-plane correlation plane (defined by r*, y), given the magnitude of normalized perturbation temperature at a point of radial circumferential velocity, u I , is shown in Fig. 3(g ). Positive temperature perturbations at both the lower mantle and the location r marked by the arrow (Adrian 1977; Adrian & Moin 1988; Balachandar & Adrian 1993) . From Fig. 3(a) it is clear mid-mantle correspond to a horizontal influx in the lower mantle which forms the base of an upwelling plume. Nearthat the strongest temperature correlation is limited to configurations where the two points are in the lower mantle ( left zero correlation can be observed at around 2000 km depth where the circumferential flow reverses direction. Similar frame) or in the mid-mantle (right frame) and to small angular separations of less than 20°. A near-zero correlation across the behaviour can also be observed in the correlation between the radial and in-plane circumferential velocity components, as transition zone can also be observed. Fig. 3( b) shows the vertical velocity correlation with the shown in Fig. 3( h) , the only difference being that strong circumferential flow is likely to result from a positive thermal normalized perturbation temperature specified at a point marked by the arrow. It can be seen that a positive temperature fluctuation in the lower mantle but only a weak circumferential flow is generated by thermal fluctuations in the mid-mantle, perturbation at a point in the lower mantle results in upwelling for angular separations less than 45°. Owing to spherical whereas strong circumferential flow occurs in conjunction with a strong upwelling in the mid-mantle. Upwelling in the lower symmetry this region of upwelling corresponds to a cone of half-angle 45°centred about the point of positive temperature mantle is associated with only a weak circumferential flow. The autocorrelation of in-plane, u I , and out-of-plane, u O , perturbation. A weak return downflow extends beyond the cone. The upwelling can be observed to be strong only over a velocity components, shown in Figs 3(i) and ( j) corroborate many of the above observations. In particular, the reversal of small area of cross-section close to the centre of the cone and therefore is balanced by the weak return flow which extends the circumferential velocity at around a depth of 2000 km and the large-aspect-ratio circulatory nature of the flow are over a broad region. On the other hand, a positive temperature perturbation in the mid-mantle correlates with only a weak clearly evident. upwelling, which extends over a cone of half-angle 50°(note that the contour levels on the right-hand frame are about 6 PROPER ORTHOGONAL an order of magnitude smaller than those on the left).
DECOMPOSITION ( POD) TECHNIQUE Furthermore, the centre of the weak updraft is laterally shifted from the positive temperature perturbation by about 25°.
The preceding section illustrated possible ways to interpret the informational content of the planar two-point spatialThe cross-correlation between radial velocity and temperature, C u r T , shown in Fig. 3(c) , indicates that a positive vertical correlation tensor and thereby completely characterize the statistics of the underlying convective flow up to second order. series and the eigenfunctions are then simple sinusoids along Yet, owing to their dependence on three variables, the planar the circumferential direction and take the following form correlation tensor is still data intensive. The proper orthogonal (Tarman 1989; Sirovich 1987 ): decomposition technique, also known as the empirical eigenfunction technique, provides an objective procedure whereby
the informational content of the two-point correlation can be represented in a condensed manner (Schmidt 1907; Karhunen 1946; Loeve 1955; Lumley 1967; Sirovich 1987 Sirovich , 1991 . In this where Ŵ k p are the Fourier coefficients of the eigenfunction. The method, the empirical eigenfunctions of the two-point coreigenfunctions for the kth Fourier mode are then given by the relation tensor are obtained and these eigenfunctions form the following integral equation: optimal orthonormal basis for characterizing the flow. The eigenvalues associated with these eigenfunctions measure their importance in terms of mean-square energy content and the
eigensolutions can be ordered in terms of their eigenvalues to provide an orthonormal expansion basis. The optimality where Ĉ k pq are the Fourier coefficients of the two-point corof the eigenexpansion implies that no other orthonormal relation tensor. In the above integral equation the domain of expansion (such as Fourier and Chebyshev) can represent the integration is finite and the kernel, Ĉ k pq , is Hermitian. Therefore, tomographic data and the mantle flow better than the eigenthe eigenvalues and the corresponding eigenfunctions satisfy a expansion. In other words, in order to represent the temperature few nice properties. For each Fourier mode there is a discrete and velocity field to any desired level of accuracy, far fewer set of eigensolutions to the above 1-D integral equation eigenfunctions are necessary than in any other expansion. This denoted by the index n, which is often referred to as the optimality arises from the fact that the structures of the quantum number or sequency. Along the non-periodic (or dominant eigenfunctions are characteristic of the thermal and inhomogeneous) radial direction n plays an analogous role to flow structures of the mantle. Thus the eigenfunctions also provide deeper insight into the physics of the problem. the wavenumber, k, in the periodic circumferential direction. Eigenvalues, l(m), and eigenfunctions, W(m) p , of the two-point Thus the superscript (k, n) in the above integral equation planar correlation tensor, C pq , are defined by the following corresponds to the nth eigensolution of the kth Fourier mode. integral equation:
The eigensolutions of all the Fourier modes can be ordered according to their eigenvalue as m=1, 2, … , etc., so that for each mode number m there is a corresponding doublet index
The eigenfunctions are chosen such that they satisfy the (17) following orthonormality condition: where r CMB and r moho are the radii corresponding to the coremantle boundary and the Moho discontinuity, and y=w 1 −w 2 . The kernel, C pq , in the above integral equation is real, sym-
y, r) dydr=d mm∞ , metric and square integrable. Moreover, since the domain of integration is finite, Mercer's theorem (Hochstat 1973) also where the superscript † indicates complex conjugate and applies. Consequently, from fundamental theorems of symsummation over p=u r , u I , u O , T is assumed. A similar metric integral equations (Mikhlin 1957) there is not one but orthonormal condition is satisfied by the 1-D radial eigena discrete set of eigensolutions to the above integral equation functions, Ŵ (k,n) p , as well. Furthermore, the radial and circumand they are numbered and denoted by the superscript ferential eigenfunctions form a complete set and can therefore (m=1, 2, … ).
be used as basis functions to represent the perturbation Owing to periodicity along the circumferential direction, the planar two-point correlation can be expanded in a Fourier temperature and velocities on any planar surface passing through the origin as shown below: best approximates the two-point correlation tensor at any level of truncation. Discretization along the circumferential direction, say with N y points, results in a finite Fourier expansion with the Fourier
wavenumber restricted to (−N y /2)≤k≤(N y /2−1). Upon discretization along the radial direction, say with N r points, the integral equation (eq. 19) reduces to a matrix eigenvalue problem of the following form: The above eigenexpansion is similar to other common expan- . For the present case where r[l ] and r[l*] correspond to the lth and l*th grid points of the temperature and velocity fields obtained from the along the radial direction and W are the quadrature weights tomographic data, the ensemble average represented by the corresponding to the discretization of the radial integral. angular brackets corresponds to an average over all possible Summation over q is implied in the above equation and planar sections of the spherical mantle passing through the therefore the above matrix equation is of size 4N r ×4N r . Since origin. On the other hand, in the case of time-dependent the cross-correlation of out-of-plane velocity (u O ) with the temperature and velocity fields from a statistically steady temperature and the in-plane components of velocity (T , u r , u I ) mantle-convection simulation, the ensemble average will is zero, the above problem can be split into two smaller include a time average as well. The eigenvalues are thereeigenvalue problems as shown below: fore real, non-negative and measure the mean (or ensemble averaged) energy, u2 r +u2 I +u2 O +T 2 , in the corresponding eigenmode. Furthermore, the eigenvalues have a finite sum and the sum is equal to the total mean energy. This relation can be considered as a generalization of Parsaval's theorem
, for eigenexpansion. It will then be assumed that the eigenmodes are ordered according to the magnitude of their eigenvalue as l(1)≥l(2)≥ … . In other words, the dominant eigenmode corresponding to m=1 accounts for the largest fraction of (25) total mean energy, the second eigenmode corresponding to one of size 3N r ×3N r for the T , u r , u I components of the m=2 accounts for the second largest fraction of total mean eigenfunction (the top-left-hand submatrix) and the other of energy, and so on. It can be rigorously shown (Sirovich 1987, size N r ×N r for the out-of-plane velocity eigenfunction (the 1991; Holmes, Lumley & Berkooz 1996) that the empirical lower-right-hand submatrix). For clarity, in the above equation eigenfunction expansion is optimal in the sense that the the superscripts k and n and the dependence on radial grid representation of the total energy in terms of the summation points have been supressed. There are 4N r eigensolutions to of contributions from the various eigenmodes converges faster the above matrix problem, of which 3N r are the in-plane than it would with any other orthonormal expansion basis. In eigensolutions and the other N r are purely out-of-plane velocity other words, the cumulative energy contained in the first i eigenfunctions. modes, Si m=1 l(m), carries the largest fraction of total mean energy for all i.
By Mercer's theorem the Fourier coefficients of the cor-7 RESULTS ON EMPIRICAL relation tensor can be represented by the following expansion: EIGENFUNCTIONS
The optimal nature of the eigen representation of the twopoint statistics is illustrated in Fig. 4 in terms of two different The above expansion, along with the Fourier inversion, promeasures. The first is a plot of percentile cumulative energy, vides the complete expansion of the two-point correlation in terms of the eigenfunctions as follows:
against the mode number (i) in a log-linear plot, where m represents the ordered doublet index k, n. In this measure, From the above expansion, using the orthonormal property of the numerator accounts for the mean square energy the eigenfunctions, the following mean-square estimate of the u2 r +u2 I +u2 O +T 2 contained in the first i most energetic planar two-point correlation can be obtained:
eigenmodes, while the denominator accounts for the total mean-square energy. The second quantity,
, Thus the ordering of the eigenvalues guarantees the optimality of the eigenfunction expansion in representing the two-point measures the effectiveness of the first i eigenmodes in representing the two-point correlation in a mean-squares sense correlation tensor as well. In other words, among all possible expansions the eigenfunction expansion (as given in eq. 22) (see eq. 23). The rapid increase in both s 1 and s 2 is clear and required to extract 99 per cent of the energy content, which is still more than an order of magnitude smaller than the total number of degrees of freedom. While the eigenvalue contains information on the energy content of the mode, the corresponding eigenfunction provides information on the associated thermal and flow structures. From eq. (20) it can be seen that the thermal and flow structures are given by A(k,n)Ŵ (k,n) p (r) exp(ıky). Owing to the odd and even symmetries of the planar correlation tensor (see eq. 16), the u I component of the eigenfunctions is purely imaginary while the T and u r components are purely real. For a real eigencoefficient, the resulting in-plane radial and circumferential velocities are given by Ŵ (k,n) u r (r) cos(ky) and iŴ (k,n) u I (r) sin(ky). The radial velocity eigenfunction, Ŵ u r , is constrained to be zero at the surface and at the core-mantle boundary due to no penetration. The corresponding in-plane circumferential velocity eigenfunction, Ŵ u I , is related to dŴ u r /dr by continuity. Thus the number of zero-crossings (or the number of sign changes) in the interior of the mantle for the in-plane circumferential velocity eigenfunction is one more than that for the radial velocity eigenfunction.
In the simplest case when there is no zero-crossing in the radial-velocity eigenfunction, it approximately resembles a halfsine-wave spanning the entire depth, from the surface to the where a convective cell occupies the entire depth of the mantle. On the other hand, when the radial velocity eigenfunction has a zero-crossing in the interior of the mantle, then at any in fact, by the definition of the eigenexpansion, there is no other orthogonal expansion which will converge faster than circumferential location the radial velocity changes from upwelling to downwelling or vice versa, thus indicating a the above eigen representation (Sirovich 1987 (Sirovich , 1991 Holmes et al. 1996) . layered convection state. In essence, the in-plane flow structure is cellular in nature with the number of cells in the circumThe most energetic eigenmodes and their corresponding energy content are given in Table 2 , where the type of eigenferential direction equal to 2k and the number of cells in the radial direction given by the number of zero-crossings in the solution is marked either as IP, to indicate an in-plane eigensolution, or as OP, to indicate an out-of-plane velocity in-plane circumferential velocity eigenfunction. Interpretation of perturbation thermal structure from the temperature eigeneigensolution. Due to the real symmetric nature of the planar two-point correlation, the eigenfunctions for negative Fourier function is similar to that of radial velocity (King, Balachandar & Ita 1997) . modes are complex conjugates of those of the corresponding positive Fourier modes, that is Ŵ (−k,n) p =Ŵ (k,n) † p and the correIn the case of a purely imaginary eigencoefficient, the corresponding in-plane flow and thermal structures are sponding eigenvalues are equal, l(−k,n)=l(k,n). Thus eigenvalues for k=1, … modes have a two-fold degeneracy, while the mean identical to those of a real coefficient, except for a phase shift by (90 k−1) degrees along the circumferential direction. The (k=0) mode and the highest mode have no degeneracy. Su et al. (1994) presented their tomographic model in terms of overall structure for complex eigencoefficients is simply the superposition of the two. Similar interpretation can be given spherical harmonic modes up to L =M=12, and along the radial direction they employed K=13 Chebyshev modes.
to the out-of-plane azimuthal velocity eigenfunction as well. In this case, the flow structure is simply a spherical shear flow For the case of the simple constant-viscosity convection model employed here, the number of spherical harmonic and does not correspond to any cellular structure, since there is no associated radial velocity or thermal perturbation. modes for the velocity field is identical to that of the thermal (or tomographic) field and the number of radial Chebyshev
The eigenfunctions corresponding to the dominant eigenvalues represent the most energetic modes of convection. In modes also remains nearly the same. Thus the total number of degrees of freedom available in the original problem is Fig. 5 , the u r, u I and T eigenfunctions for the four most energetic modes (k=1, n=1; k=1, n=2; k=2, n=1; and 4(L +1)2K=8788, out of which the 10 most energetic eigenmodes (or the 10 dominant degrees of freedom) account for k=3, n=1) are plotted. Fig. 5(a) shows the most energetic eigenmode, k=2, n=1, which accounts for nearly 40 per cent nearly 69.2 per cent of the energy content and 97.4 per cent of the mean-square two-point correlation. Only 14 modes are of the two-point correlation. The structures of the u r and u I eigenfunctions indicate that the dominant flow pattern is required to represent the two-point correlation to 99 per cent accuracy in terms of mean-square error, while 117 modes are two pairs of large-scale roll cells, which will result in two major upwelling and two downwelling regions. While the peak boundary layer structure close to the surface and the coremantle boundary can also be seen. Thus this single dominant vertical velocity can be seen to occur at very nearly the middepth, the circumferential velocity can be seen to change eigenfunction has extracted all the major features of the temperature and velocity signal contained in the two-point direction at 2000 km depth. The dominant temperature eigenfunction shows many interesting features. The reversal of the correlation tensor. The second most energetic, k=3, n=1, mode (Fig. 5b ) thermal perturbation (or the tomographic signal) around 830 km depth has been clearly brought out by this eigenshows very similar behaviour but accounts for only 22 per cent of the two-point correlation. The third most energetic, function. A local peak in the thermal perturbation signal at around a depth of 600 km can also been seen, which could k=1, n=1, mode is an out-of-plane velocity eigenmode and is shown in Fig. 5 (c) and as expected its structure resembles possibly be the result of the endothermic phase transition. The Table 2 . List of the 10 most energetic eigenmodes of the planar two-point velocitytemperature correlation obtained from a simple constant-viscosity convection model using Su et al.'s (1994) tomographic data as the input thermal anomaly. Type IP stands for the in-plane velocity, temperature eigensolution and OP corresponds to the out-of-plane velocity-component eigensolution.
that of the in-plane circumferential velocity. Again, a reversal of the azimuthal flow direction at a depth of 2000 km can be seen. This eigenmode accounts for nearly 16 per cent of the two-point correlation. Finally, in Fig. 5 (d) the fourth most energetic eigenmode, k=1, n=2, which accounts for 5 per cent of the two-point correlation is shown. While the velocity eigenfunctions resemble the ones shown earlier, the thermal eigenfunction shows additional features near the mid-mantle. However, these structures are far less energetic than the most dominant eigenmode.
An important issue to be considered is the sensitivity of the eigenfunctions and their corresponding eigenvalues to uncertainties in the tomographic result. The lower-order coefficients of the tomographic model are sufficiently accurate and only in the higher-order modes does the relative uncertainty increase (Su et al. 1994) . Fortunately, the most energetic eigenmodes have low circumferential wavenumber and are therefore dependent on the lower-order coefficients of the tomographic data and their dependence on the higher-order modes is small. In order to test this, the two-point correlation tensor and its eigenmodes were computed from the tomographic model of Su et al. (1994) but this time only including lower-order spherical harmonic modes with l, m≤6. Modes untruncated model will increase for the much less energetic higher-order eigenmodes. Similar tests on radial resolution suggest that the most energetic eigenmodes are sufficiently be scaled such that they are of order one. Improper scaling will result in eigenfunctions dominated by one or a few of the smooth and they depend mostly on the lower-order Chebyshev coefficients of the tomographic model. Thus the sensitivity of variables at the cost of the others. But within this general constraint the outcome of the eigen extraction is insensitive to the most energetic eigenfunctions to the actual order of the radial expansion of the tomographic data is also small. the precise magnitude of the scaling employed. In the present work, the temperature and velocity are normalized by their It must be pointed out that the actual scaling of temperature and velocity have a bearing on the resulting eigenmodes. The root-mean-square fluctuation, where the mean is taken over the entire mantle. Instead of this global scaling, following general rule of thumb is that all the relevant quantities must Jordan et al. (1993) and Balachandar (1995) one can employ sign at a critical depth of about 830 km. This result can be compared with the recent findings by Kawakatsu & Niu (1994) a depth-dependent scaling by normalizing with the rootmean-square fluctuation evaluated on each spherical shell. In of seismic evidence for a discontinuity in the mantle around 900 km depth. The eigenfunctions also reveal the existence of a Fig. 6 , the most energetic eigenfunction obtained following this depth-dependent normalization is plotted (dashed line).
peak in the level of thermal fluctuations around a depth of 600 km. One possible interpretation of the above results is that With the depth-dependent scaling the normalized perturbations are of nearly equal magnitude at all depths. Thus due to the ponding of the hot and cold material around the 660 km depth endothermic phase transition (Peltier & Solheim the eigenfunctions are relatively flat over much of the depth. In spite of the differences in the nature of the two 1992; Honda et al. 1993a,b; Tackley et al. 1993; Weinstein 1994) , scalings, important signatures of the temperature and velocity the temperature variation is increased around this depth. eigenfunctions can still be seen with the depth-dependent However, the bottoms of the cold and hot ponds extend to a normalization. A sharp change in the circumferential velocity depth of 830 km resulting in a change in the thermal signature direction at a depth of 2000 km can still be seen. Similarly, the around this depth. Other possible origins for this additional reversal of the thermal perturbation at 830 km still persists discontinuity in the mantle have been presented by Kawakatsu under the depth-dependent scaling. Thus the eigenfunction & Niu (1994) . Less energetic structures in the mid-mantle have extraction technique is a robust methodology which is not also been extracted by the higher-order eigenfunctions. sensitive to the details of the extraction procedure and therefore
In contrast to the transition-zone signatures revealed by the the resulting eigenfunctions truly characterize the underlying temperature eigenfunctions, the velocity eigenfunctions indicate thermal and flow structures in a compact manner. a mantle flow which extends over the entire depth. The lack of transition-zone signature in the velocity eigenfunctions may be the result of the simplicity of the convection model employed 8 CONCLUSIONS in this study. Inclusion of internal phase transitions and A number of results pertaining to the thermal and flow structure realistic temperature-, pressure-and stress-dependent rheology of the mantle have been presented in the preceding sections, but can change the velocity eigenfunctions. Nevertheless, the pretheir physical interpretation requires some caution. The tomosent results clearly show that the single most energetic eigengraphic model employed here (Su et al. 1994) for the presentfunction is sufficient in extracting all the dominant flow day thermal field of the mantle is a sound and proven wholefeatures. The change in the direction of the circumferential mantle model. The global resolution of this tomographic model flow at a depth of 2000 km is well captured by the dominant extends to 13 Chebyshev polynomials in the radial direction eigenfunction. The most energetic eigenfunction accounts for and spherical harmonics of degree up to 12. It has been shown nearly 17 per cent of the mean-square thermal and velocity here that the most energetic thermal and flow structures are fluctuations (fluctuation energy) and represents the two-point dependent only on the lower-order tomographic modes and are correlation tensor to 40 per cent accuracy in the mean-square not sensitive to truncation or uncertainties in the higher-order sense. The 10 most energetic eigenmodes are sufficient to circumferential and radial modes. Furthermore, here it is capture 69 per cent of the fluctuation energy and represent the assumed that the shear-wave-velocity heterogeneities of the two-point correlation to 97 per cent accuracy. Thus orders of tomographic model are purely thermal in origin. Thus, within magnitude improvement in the accurate characterization of the constraints of this assumption the dominant thermal features the essential thermal and flow features is achieved. of the mantle have been well extracted by the two-point correlation tensor and its eigenfunctions.
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